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Abstract. Ginibrc-Tsutsumi-Vclo (1997) proved local well-poscdncss for the Za- 
kharov system 

' idtU + Am = nu 

u = u{x, t) £ C 

An = AluP 

n = n{x,t) e m. 
u(x, 0) = uo(x) , 

xeR"^, teR 

^ n{x, 0) = no{x), dtn{x, 0) = ni{x) 

for any dimension d, in the inhomogeneous Sobolev spaces {u, n) S H'^ {M.'^) x H'' (M.'^) 
for a range of exponents fc, s depending on d. Here we restrict to dimension d = I 
and present a few results establishing local ill-posedness for exponent pairs (fc, s) 
outside of the well-posedness regime. The techniques employed are rooted in the 
work of Bourgain (1993), Birnir-Kenig-Ponce-Svanstedt-Vega (1996), and Christ- 
CoUiander-Tao (2003) applied to the nonlinear Schrodinger equation. 



ID ZS 



u = m(x, t) G C 
n = n{x, t) G M 
X G M, t eR 



1. Introduction 
In this paper, we examine the one-dimensional Zakharov system (ID ZS) 
' idtU + d^u = nu 
d^n - din = dl\uf 

u{x, 0) = Uq{x) 

^ n{x, 0) = no(x), dtn{x, 0) = ni{x) 

Local well-posedness in the inhomogeneous Sobolev spaces {u,n) E H^{M.) x H^{M.) 
has been obtained by means of the contraction method in the Bourgain space 

1 /2 

\H\xs,^ = (^11^ {0"'{r+\^\T'm,r)\'d^dT^ 

by Bourgain-CoUiander |BC96j and Ginibre-Tsutsumi-Velo |GTV97j .^ In the latter 
paper, the following result is obtained: 
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Actually, these papers consider, more generally, the system in dimensions d = 2, 3 and d > 1, 
respectively. 

1 



2 



JUSTIN HOLMER 



Theorem 1.1 f |GTV97] Prop. 1.2). ID ZS is locally well-posed for initial data 
{uo,nQ,ni) e H'' X X H^~^ provided 

k>0 
-1 < s - k < I 

Specifically: 

(a) Existence. V i? > 0, if H^^olli^fc + ||'^o||/i'» + ll'^ill//"-! < R, then 3 T = T{R) 
and a solution {u,n) to ID ZS on [0,T] such that 

\W\\c{[0,T];Hk) < cWuQWfjk 

\\n\\c{[0,T];H^) + ll^t^llc{[0,T];//r') ^ c( || || /ffc ) ^ ( || % || + 

and u G X^^^^ , where bi is given by Table Ql 

(b) Uniqueness. This solution is unique among solutions u belonging to C([0, T]; i/^)n 

vS 2 

(c) Uniform continuity of the data-to-solution map. For a fixed R > 0, taking 
T = T{R) as above, the map {uo,nQ,ni) ^-^ {u,n,dtn) as a map from the R- 
ball m x x H'~^ to C([0,T];if^) x C([0,T];if^) x C{[0,T]; H'^-^) is 
uniformly continuous. 

The region of local well-posedness in this theorem is depicted in Fig. ^ We shall 
outline the |GTV97j proof of Theorem 1 1.1 1 in |J21 since the estimates are needed in the 
proof of Theorem 11.21 in ^ 

Our goal in this paper is to establish local ill-posedness outside of the well-posedness 
strip, in particular near the optimal corner k = 0, s = — |. That is, we consider the 
region (1) s > 2A; — ^ (above the strip), and (2) s < —\ (below the strip). In 
the first region, the wave data (no,?T-i) is somewhat smoother than the Schrodinger 
data Mq. As a result, the forcing term of the wave equation, as time evolves, 

introduces disturbances that are rougher than the wave data, and the wave solution n 
does not retain its higher initial regularity. This is quantified in Theorem 11.21 below. 
In the second region, the Schrodinger data uq is somewhat smoother than the wave 
data (no, n\). As a result, the forcing term nu of the Schrodinger equation introduces 
disturbances that are rougher than the Schrodinger data, and the Schrodinger solution 
u does not retain its higher initial regularity. This is quantified in Theorem 11.31 and 
11.41 below. These simplistic explanations are, at least, accurate for /c > 0. For < 0, 
there are possibly multiple simultaneous causes for breakdown, although we find that 
our methods still yield information in this setting. 

^ID ZS can be recast as an integral equation in u alone with M^(no,7ii) solving (|2.2|) appearing 
as a coefficient. Then, n can be expressed in terms of u and W (jiQ^rix)^ and therefore n need not 
enter into the uniqueness claim. 



s > 



s <2k- 
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Figure 1. The enclosed gray-shaded strip, which extends infinitely to 
the upper-right, gives the set of pairs (/c, s) for which well-posedness 
has been estabhshed by jGTV97j (see Theorem for {uo,no,ni) e 
jj-k ^ jjs ^ /js-i QqIj^j lines are included in the well-posedness region, 
while the dashed line is not. Theorem 11.21 provides an ill-posedness 
result of type "norm infiation in n" inside the region bounded by the 
horizontal dotted line s = — ^, the slanted line s = 2k — ^, and the 
vertical dotted line k = 1. Theorem II . 31 provides an ill-posedness result 
of type "phase decoherence in u" along the solid vertical line extending 
down from the point (0, — |). 



We will draw upon and suitably modify techniques developed by Birnir-Kenig- 
Ponce-Svanstedt-Vega jBKP^96j, Christ- CoUiander-Tao |CCT03b] . and Bourgain |Bou93j . 
who addressed ill-posedness issues for the nonlinear Schrodinger equation. For a sur- 
vey of ill-posedness results for nonlinear dispersive equations, see Tzvetkov |Tzv04j . 
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Our first result demonstrates that the boundary hne s < 2A; — ^ in Theorem II. II is 
sharp. 

Theorem 1.2. Let < k < 1 and s > 2k — ^ or k < and s > — |. There exists 
a sequence (pN ^ <S such that {{(PnHh^ < 1 for all N and the corresponding solution 
{uN,nN) to ID ZS on [0,T] with initial data (0Ar,O,O) satisfies 

\\nN{t)\\H^ > ctN'' forO<t<T, N> ct'^ (1.1) 

where a = a{k, s) > 0. The time interval [0,T] here is independent of N. 

The form of ill-posedness appearing in Theorem 11.21 is referred to as "norm infla- 
tion". The result is first reduced to the case where k > and s is just above the line 
s = 2k-l. In this case, Theorem II . II applied with s = 2k — ^ (the wave initial data 
is 0) provides the existence of a solution {uN,nN) on a time interval T, independent 
of A'^, with uniform-in- A?^ control on ||uAr||j5(^s . The estimates of \G'VV97\ wiU enable 

us to show that u^v is comparable to e**^^0Ar in a slightly stronger norm than X^f^^ 
(on this fixed in time interval) and then Theorem 11.21 follows from the fact that 
fll.l|) holds with riTv = ^""^f^xl^A^P replaced by □~^9^|e**^^0Arp, which can be directly 
verified.'^ The proof is given in ^ 

Our second theorem demonstrates lack of uniform continuity of the data-to-solution 
map, for any T > 0, as a map from the unit ball in x TT^ x H'^~^ to C([0, T]; H^) x 
C{[Q,T]-H') X C{[Q,T]-H'-^) for A; = and any s < -|. We first show that if one 
issue is ignored, we can, in a manner similar to |BKP"'"96j . make use of an explicit 
soliton class to demonstrate that for any T > there are two waves, close in amplitude 
on all of [0,T], initially of the same phase but that slide completely out of phase by 
time T. This form of ill-posedness is termed "phase decoherence" . The soliton class 
for ID ZS that we use appears in |Guo88j |Wu94j . The "ignored issue" pertains to 
low frequencies of no(x), and can be resolved by invoking the method of |CCT03b] to 
construct a "near soliton" class offering more flexibility than the exact explicit soliton 
class in the selection of no(x). This is, however, not straightforward since ID ZS lacks 
scaling and Galilean invariance, which was used to manufacture the solution class in 

|GGTn3b| . 

Theorem 1.3. Suppose k = 0, s < — |. Fix any T > and 6 > 0. Then there 
is a pair of Schwartz class initial data tuples {uQ,no,0) and {uQ,nQ,0) giving rise to 
solutions {u,n) and {u,n) on [0,T] such that the data is of unit size 

||wo||i/fc, ll'^oll//^ ~ 1, llwoll//*, il^oll//" ~ 1 

and initially close 

\\uo - UoWnk + ||no - uoWh" < ^ 
~ V is the solution to Dw = {df — 9^)w = /, w{x, 0) = 0, dtw{x, 0) = 0. 
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but the solutions become well-separated by time T in the Schrodinger variable 

\\u{-,t)-u{-,t)\\L^^^^H^ ~ 1- 

We expect that this result can be extended to all /c G M and s < — |, although 
preliminary efforts were abandoned since the computations became very lengthy and 
technical. The proof of Theorem II. HI appears in ^ 

Our final theorem employs a method of Bourgain jBou93j . 

Theorem 1.4. For any T > 0, the data-to- solution map, as a map from the unit ball 
in H'' X X H'~^ to C{[0,T];H'') x C{[0,T];H') x C{[0,T]; H'-^) fails to be 
for A; G M and s < — i. 

This is a weaker form of ill-posedness than the phase decoherence of Theorem 
11.31 although it covers the full region below the well-posedness boundary s = — ^ of 
((ilTVQyj . The proof is given in ^ 

Acknowledgments. I would like to thank Jim Colliander for his clear explana- 
tion of how to construct counterexamples to bilinear estimates and for other helpful 
discussion on this topic. Also, I would like to thank Guixiang Xu for carefully read- 
ing §1-3 of the paper and pointing out numerous misprints and an error. Finally, I 
would like to thank the anonymous referee for providing several helpful suggestions 
for improvement. 

2. The local theory 



We outline and review the local well-posedness argument in |GTV97j since the 
estimates will be needed in the proofs of Theorem 11.21 11.41 
Let [t/(t)MonO = e-**^'wo(0 and 

f/*/?/(-,t)= fu{t-t')f{t')dt' 
Jo 

denote the Schrodinger group and Duhamel operators, respectively. Define the Schrodinger 
Bourgain spaces X^^, by the norms 

\4xs = ( // {0"'{r+m'''m,r)\'d^dT''^' 



k.cn. 



l^{0''(^l{r+\e)-'mr)\dry d^ 



1/2 



(2.1) 



Consider an initial wave data pair (no,ni). Split ui = nn + niH into low and high 
frequencies'^, and set z>(^) = "^^"^^^ , so that dxi^ = nm- Let 

^This decomposition is needed, for otherwise the estimate in Lemma I2.1l(bll would have to be 
modified to have ||ni||//s in place of ||ni||//3-i on the right-hand side 
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W+(no,ni)(x,t) = ino(x - t) - iz/(x - t) + i / niL{y) dy 



2 V"^ ^ ' 2 

J x—t 

PX+t 

iy_(no,ni)(x,t) = ino(x + t) + |z/(x + t) + I / niL{y) dy 

J X 

so that 

{dt ± d^)W±{no,ni){x,t) = lniL{x) 

W±{no, ni){x, 0) = |no(x) =F ^i^{x) . 

By setting n = W+{no,ni) + W_{no,ni), we obtain a solution to the hnear homoge- 
neous problem 



df-Ti — d^n = t, X e 



n(x, 0) = no(a;), dtn{x, 0) = n = n(t, x) G 



(2.2) 



Let 



*R fix, t) = \ ! f{xTs,t-s) ds (2.3) 
so that 

[dt ± d,)W± *R fix, t) = Ifix, t) Wifix, 0) = dtW±fix, 0) = i/(x, 0) . 

It follows that if we set n = W- *r f — W+ *r f, then we obtain a solution to the 
linear inhomogeneous problem 

dln-dln = d^f t,xeM 

n(x,0) = 0, atn(x,0) = n(x,t)GM 

Define the one-dimensional reduced wave Bourgain spaces XY^, Y]^"^ as 

= ( // {ir{r±if-\zii,r)\^didr ' 



2 \ 

^^ir{jy±iY'\zii,T)\d^ di 



(2.4) 



Let ?/;(t) = 1 on [-1, 1] and V^(t) = outside of [-2,2]. Let ^rit) = i^it/T), which 
will serve as a time cutoff for the Bourgain space estimates. For clarity, we write 
ipiit) = ipit). We can now recast ID ZS as 

idtu + diu = {n+ + n-)u x G M, t G M 

(2.5) 

idt ± d^)n± = if|5^|m|2 + Iuil 
where n = n+ + n_, which has the integral equation formulation 

u{t) = U it)uo - ill *R [(n+ + n_)u] (t) 
n±it) = PF±(t)(no,ni) t W± *r idM^)it) . 
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Lemma 2.1 (Group estimates). 

(a) Schrodinger. \\'ipi{t)U{t)uo\\xs < HuoWh^- 

k,o-i 

(b) 1-d Wave. \\MtW±{t){no,ni)\\^w^ < \\no\\Hs + . 

s,b 

Lemma 2.2 (Duhamel estimates). Suppose T < 1. 

(a) Schr5dinger. // < Ci < i, < h, h + ci < 1, then WiprU *b. f\\x-^, ^ 

//0<6i<i, thenWijTU^nfWxs, < T'^-'^iWfWxs ,ny/)- 

\\U *R f\\c(RfM) ^ ll/l|y/- 

(b) 1-d Wave. If < c < I, < b, b + c < 1, then \\iPtW± *r f\\x^'± < 

s, — c 

IfO<b<l then \\4jtW± *n < T^-\\\f\\xw± ny-±)- 

3 — i 
3. 2 



\\W± f\\c{Rt;H^) < \\J Uy: 



Lemma 2.3 f jCrrVQTj Lemma 4.3/4.5). Let k, s,b,ci,bi satisfy 

s> -I k>0 s-k> -1 

b,ci,bi>\ 6 + ci>| 6 + 6i>| 

s — k > — 2ci 

ll^±w||xf nys < lk^±llx*^^±l|M||xf, • 
Lemma 2.4 f |GTV97j Lemma 4.4/4.6). Let k,s,c,bi satisfy 

s-2k<-\ k>0 s-k<\ 



c, 61 > i c + 61 > 



3 



s-k<2bi-l s-k<2c-\ 

Then 

\\d^{uiU2)\\x^-±r^Yl^± < ll"i|I^Ljl"2||xf,^ • 

To obtain Theorem II. H fix < T < 1, and consider the maps A5, Kw± 

As{u, n±) = ipiUuo + iprU *r [(n+ + n_)u] (2.6) 

A^^(n) = ^Aiiy±(no, rii) ± V^^W^i *ij (dM^) ■ (2-7) 

ForT = T(||Mo||i^fc, II'^oIIh", ||ni||^3-i), a fixed point {u(t),n±(t)) = {As{u,n±), Aw±{u)) 
is obtained in X^j,^ x X]^^ satisfying 

Ikllxf, < Ikolk^ (2.8) 

ll^llx^'± ^ II'^oIIh^ + + \\uo\\Hk (2.9) 
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^ — k — —^ 


r — 1 


6 = 1 - 36 
c = i + 2e 


_1 < e — t; < — i 


6i = ^ + 1 - e 


6 = 1 - 2e 
c= i + e 


-I < s - k <0 


6i = 1 - 2e 
ci = i + e 


6 = 1 - 2e 
c= i + e 


0<s-k<l 


5i = 1 - 2e 
ci = i + e 


6 = 1 - ^ - 2e 
c= ^ + i + e 



Table 1. Values of bi, Ci, 6, c meeting the criteria of Lemmas 12.31 12.41 
for various intervals of s — k. Note that 6i + ci < 1 — e and 6+c < 1 — e in 
order to capture a factor from Lemma f2. 21 Also note that bi,b > | 
and ci, c < I for all cases except s — k = —1. 



by applying Lemmas 12.11 12.21 12.31 12.41 with values for &i , Ci , b, c given by Table [T] 

Consider first the case s — k > —1. We note from Tabled that 6 > |, and thus 
we have the Sobolev imbeddings 

\\u\\c{Rt;Hll) < Mlxf, 

II II <ll 1 (2.10) 

Also, 

dtn{x,t) = dt{n+ + n_){x,t) = d^{-n+ + n_){x,t) + niL(x) 

and thus 

ll^t^-llcCR*;//!-^) ~ ll^±llx]^,± + IMh^'^ ■ (2.11) 

Similar estimates apply to differences of solutions. 

Consider now the case s — k = —1, where it is necessary to take 6i < |. We return 
to ()2.6|) and estimate directly using Lemma f2. 21 to obtain 

and by Lemma f2.3t 

fe k,b s,bi 

where bi, b are as specified in the Tabled and the right-hand side is appropriately 
bounded by TT^ . ^I^ . The bounds in (ITTn|l . ^TTT^ apply in this case since b > ^. 
We further note that we can re-estimate u in i in ()2.6|) to obtain 

fc, 2 

|2 



< Ikoll^fe + (II'^oIIh- + ll'^ilk--! + ll%lli/fc)lkollH'= • (2-12) 
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3. Wave norm-inflation for s > 2k - ^ 

Here we prove Theorem II .21 In Steps 1-3, the result will be established for < 
/c < I and s > 2/c — I but with s near 2A; — |. In Steps 4-5, the general case of the 
theorem is reduced to the case considered in Steps 1-3. 

Proof. Let < /c < 1. Let 

Let (pN = (pN,A + <pN,B- Then ||0Ar||i^fc ~ 1. A solution to the integral equation 

UN{t)=Mt)U{t)<PN-tMt)U*R{[W+*ii{d^\uN\^)-W.*R{d^\uN\^)]-UN}it) (3.1) 

provides a solution to ID ZS with initial data {4>n, 0, 0) when rijv is defined in terms 
of utv as 

By working with the estimates in Lemmas 12. 3| 12.41 (taking s = k — a — ^ in the 
discussion of §2}, we obtain a solution un to p.ljl in X^_^-j,_^^ for < a < A;, on 
[0,T], where T = T{\\(f)N\\Hk-,y) (thus independent of A^) satisfying 

II^AfllcffOTl-i^J-'^) ^ il^A^llxs , < ||0jv||//fc— ~ A^"*^ (3.3) 
Step 1. We show that 

\\[{W+ -W.) *Rd,\U(t>N\\t)\\Hs tN"-^^"-"^) ioi N>t-^ (3.4) 

That says that p.l|) holds provided uj~^{t) is replaced by the linear flow U{t)(f)N in 

(HI). 

To show this, note that in the pairing U{t)(f)NU{t)(j)N, there are 4 combinations 
U{t)(f)N,jU{t)(j)N^k, where j, k G {A, B}. We claim that 

[W+*Rd,iU<PN^AW^)n^,t) ~ t^tN'-"'e-''^hiO (3.5) 

where hi{^) is the "triangular step function" with peak at = —2N— 1 — of width 
j^, and of height ^, i.e. 

(0 = 1^-^'^^-^'^^ ifee[-2Ar-l-A _2iV-l-i] 
\(-2Ar-l)-^ if e G [-2Ar - 1 - ^, -2A^ - 1] 

Here, the symbol ~ means that the difference between the two quantities has if^ 
norm of lower order in A^. It then follows by taking complex conjugates in ()3.5|1 that 

[W+ *R d.,{U(t>N,BW^)]\t, ~ i^te-^'^N^-^'^h^iO (3.6) 



10 JUSTIN HOLMER 



where /i2(0 is the "triangular step function" centered at 2N + 1 + of width 
and of height jj, i.e. 



Hence 



'i-{2N + l) if^e [2Ar+l,2Ar+l + ^] 

(2iV+l + |p)-e ifee [2iV + l + i,2iV + l + |] 



\\[W+ *R d^{U(j)N,AU<f>N,B + U(l)N,BU(j)N,A)]it)\\Hs ~ tiV^-^^^-^) (3.7) 

We further claim that the AA and BB interactions for the term are of lower 
order in A^, i.e. specifically, 

\\W+ *R d^{U(f)NjWNk){t)\\H^ < 7V«-(2fc-|)-i for J = A; = yl and J = A; = 5 

(3.8) 

Finally, we claim that all of the interactions AA, AB, BA, and BB for the W- term 
are of lower order in A^, i.e. 

\\[W. *Rd,{U<PN,jU<PN,k)]{t)\\Hs < N'''^''~'^^~' for j,ke{A,B} (3.9) 
Combining (jSZTj), (jSIHD (E3) establishes (jS3I)- We begin by proving Note that 



J^iehN-^-N] 

J£9G\--N~1~4t.-N-1] 



after the change of variable ^2 ^ —^2 in the second equation. For the remainder of 
the computation, ^1 is restricted to [— — j^, —N] and ^2 is restricted to [—N — 1 — 
j^,-N-l]. By (ESD, 



where 



W+*nd,iU(l)^,AU<j)N,Bm 

J.s=0 igi J £2 

= N'-'' [ [ z(ei + e2)e^^(«^+«^)e^*«?-«^')^?(t, ^1, 6) d^id^2 

J s=0 



I s=0 

git(?i+6)(5i-6-i) _ 1 



^(ei + 6)(ei-e2-i) 

Since ^1 + ^2 is confined to a ;^-sized interval around — 2A^ — 1 and ^1 — ^2 — 1 is 
confined to a -^-sized interval around 0, we have that (.^1 +'C2)('Ci ~^2 — ^) is confined 



LOCAL ILL-POSEDNESS OF THE ID ZAKHAROV SYSTEM 11 

to a unit-sized interval around 0. By the power series expansion for e^, we have 



[W+ *Rd,{U^N,AU<pN,BmT{^,t) 

= N'-'' [ [ ^(6 + 6)^(6 + 6 - 0e-''^^""^"^9{t, ei, 6) d^i di2 

hi h2 

Using that e-^*^^'-^') = e-^*(«i-«2-i)(«i+€2)e-it(Si+6) _ (,-im+i2) ^nd that ^(t,6,6) ~ 
t, we obtain ()3.5p . ()3.8p and ()3.9|) are proved by a similar computation; we only 
present the proof of ()3.8|) in the case j = k = A. For t G [0, T], 



/* 2E7" — 

iy+*K9,(?70^,AW^)(t) = / ee'"^ "" g{r,OdTd^ (3.10) 



where 



^(^,0= L . , [^lU<PN,An^l,ri)[i^lU<t>N,Am2,r2) 

/?=?l+?2 
T=Tl +T2 



, , , ^l{ri+il)(t)NAil)^l{'^2-il)(i)N,A{-^2) 
?=€i+€2 

T=Tl+T2 

In this integral, and ^2 are each confined to a -^^ sized interval around — A^, forcing 
^ to lie in a sized interval around —2N. The ipi{Ti + ^f) and ipi{T2 — .^|) factors 
then (essentially) restrict ri to a unit sized interval around — A^^ and restrict T2 to a 
unit sized interval around A^^, so that r is forced to lie within a unit sized interval 
around 0. Consequently, 



<^ if(e,r)G[-2iV-|,-2iV]x[-l,l] 
= otherwise 



On the support of g{C,, t), the factor |t + ^| ~ A^. From ()3.10p 



\[W+ *R d^{U(j)N,AU(f)N,A)\yi^)\\H 

r ri t CM n2 \ 1/2 



d^ < iV^-(2^-i)-l 



k + ei 

Step 2. Also, on this time interval [0, T] independent of A^, we claim that 



where 



^ ^ 'f-^ ifO<fc + a<i ^,^rO ifO<A: + ^<i 

' 4 ifl<k + a<l \^-\ ifi<fc + a<| 
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Note that 2{k' — k) + a will be < provided a > is not chosen too large. This says 
that UN{t) is well-approximated by the linear flow ipi(t)U{t)(j)N in the stronger norm 

We now prove ()3.11|) . From ()3.H) . 



for bi as defined above and 



Cl 



i + ifO<fc + a<i 

i if|<A; + a<| 



Following with Lemma f2. 31 



\un - i'lU(f)N\\x;^ , < \\W±*Rd^\uN\^\\xW±\\uN\\xS ^ 



where 



s 



A; + a-l ifi</e + a<| "U + e ifi</e + a<| 



By Lemma Em 



where 



c=l-h 



l + ^- e ifO<A; + a<i 
|-e if|<A; + a<| 



^ + 1 ifi<A; + a<| 



and k' , hi are defined above. Note that fc'i < | — 2e. Combining, 

\\un - i)iU(t)N\\xf^ , 

< \\un\\\s \\un\\xs 

k',b[ fc + <T,bi 

< Il'«iv|lx5 \\uN-i'iUcf>N\\xs +\\un\\xs UiU4>n\\xs 

By (Q, 

Since ||0Ar||j|^fc' ~ iV~(^~^'\ provided is taken large enough and k' < k, ()3.1H) will 
follow. 
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Step 3. Here, we establish 

\\nN{t)\\Hs > tiV^-(2fc-|) fo^ > ^-1 

if < A; < i and 2A; - i < s < 4A; - i, or if i < A; < 1 and 2A; - I < s < |A; + |. 
To show this, we note that by ()3.2|) and ()3.4|) . it suffices to show that 

\\W± *R d^{\uN\^ - \^iU<f)N\^){t)\\Hs < 1 

Writing 

ImtvP - \'4'lU(f)N\'^ 



= \un - ipiU(j)N\'^ + 2Re [{un - ipiU(f)N)iJiU(j)N] 
we see that it suffices to show that 

\\[W±*nd.\uN - iPiU(l)N\^]{t)\\Hs < 1 



\[W±*Rd^{uN -iJiU<f)N)iJiU<j)N]mHs < 1 (3.13) 




\\[W±*Rd,{ijlU(l)N-UN-^lU(j)N)]mH^ < 1 

We focus on the middle estimate ()3.13|1 : the other two are handled similarly. As we 
describe in detail below, by requiring s to lie sufficiently close to (but above) 2k — ^, 
we can assign a > such that 

-iifO<A; + cr<i 
ifi<A; + (T<f 
and also 

k'+{k + a)<2k (3.15) 

where k' is given in ()3.12j) . Then proceed to estimate the left-hand side of ()3.13p by 
Lemma f2.2tjE]) as 

\\un - i'iU(pN\\xs W^PiUcPnWxs 
By Step 2 and Lemma [2.1 r|aj) . 

<ll0iv|li.. 110^11 W^~iV^('='-^^)iV^(^-+^-'=) 

By (I3.15|) . it follows that the exponent is < 0. 

We now provide the details assigning a in terms of k and s. The condition (|3.15|) 
is equivalent to the restriction 

(k iik<l , , 

The following assignments meet the criteria ()3.16|) and ()3.14|) . 

• If < /c < |, restrict to s such that 2k — ^ < s < 4k — ^, and set a = k. 

• If J < k < 1, then restrict to s such that 2k — ^<s<^k + ^ and set 
a=lk+l 
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Step 4. Suppose < A; < 1 and s > 2A; — |. Let s' be such that s' < s and s' meets 
the restrictions outhned in Step 3 with s replaced by s'. Then by Steps 1-3 (with s 
replaced by s') 

\\nN{t)\\Hs > \\nN{t)\\Hs' > tN''-^^''-^^ for N > 
so we can take a = s' — {2k — |) in the statement of the theorem. 

Step 5. Next, suppose /c < and s > —\. By the reasoning of Step 4, it suffices 
to restrict to s < |. Set < /c" < |s + |, and note that s > 2k" — |. Clearly 
ll'"Af(^)ll//'' — ll'"A^(^)ll_f/fc"? so we can just appeal to the conclusion of Steps 1-4 applied 
with k replaced by k" . □ 

4. A PRELIMINARY ANALYSIS FOR S < -| 

Let /(x) = v^sech(a;), which is the unique positive ground state solution to 

-f + dlf+\f\'f = (4.1) 

Let f\{x) = A/ (Ax) and set 

uxM^^t) = e^*(A^-^')e^^Vl - 4A^2Ja(x - 2Nt) 
nx,N{x,t) = -\fx{x - 2Nt)\^ 

From (j4.1|) . it follows that {ux,N,n\^N) solves ID ZS for all A G M and — | < N < ^. 
This is the exact soliton class appearing in |(TUo88j and |Wu94j . 

Our next goal is to prove Theorem ll . 31 demonstrating phase decoherence ill-posedness 
for = 0, s < — |. We first, however, settle for a partial result (Proposition H?T)) using 
a pair from the above exact explicit soliton class. We include this result since it is 
clear and straightforward and exhibits the idea behind the proof of the full result 
f Theorem II. 3|) . which is considerably more technical and appears in the next section. 

Define the norm H^{\^\ > M) as 



The limitation of the following partial result is the use of i^''(|^| > M) and '^{\^\ > 
M) norms as opposed to the full and H^~^ norms. 

Proposition 4.1. Suppse s < — |. Fix any T > 0, 6 > 0. Then 3 M{6) sufficiently 
large and N{6) < | sufficiently close to | so that if 



Ai = M, A2 = JM2 + ^ 
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(4.2) 



then the solutions are of unit size on [0,T], 

||MA,,7v(-,i)||L2 ~ 1 
\\'nXj,N{-,t)\\Hs{\^\>M) ~ 1, \\dtnx^,Ni-,t)\\H''-m(\>M) ~ 1 
and are initially close 

||«A„7v(-,0)-nA„7v(-,0)|U2 <5 (4.3) 



\\^\2,n{-,0) - ?^Ai,7v(-,0)||h»(|5|>a/) < S 

\\dtnx2,N{-,0) - 5t'^Ai,7v(-,0)||H»-i(|5|>A/) < S 
but become fully separated in the u-variable by time T, 

\\u\2,n{-,T) - ux-,,n{-,T)\\l^ ~ 1 



(4.4) 



(4.5) 



Proof. We will select M = M{6) sufficiently large later. Take < N < ^ sufficiently 
close to i so that (1 - 2NY/'^M^/^ = 1. Then since iV ~ i we have Vl - 4A^2 _ 
(1 - 2Ny/^ and noting that Ai = M and (1 - 2NY/^M^/^ = 1 gives 



|uA,,7v(-,0)-nA„7v(-, 0)11^2 = (l-2iV)i/2 



/ 



A, 



^1 



Take M sufficiently large so that A1/A2 is sufficiently close to 1 in order to make the 
above expression < 6. Thus fj4.3p is established. Next, we establish ()4.4j) . By the 
change of variable ^ 1— Ai^ 

INA2,Ar(-, 0) - nAi,Ar(-, 0)||^.(|^|>M) 

2 



Ai 



A2 



(/'no 



Since s < — | we have Xf^'^'^ < 1 and the above difference is made < 5 by again taking 
M sufficiently large. Also 

||9i^A2,7v(-,0) - dtnx,,N{-,0)\\Hs-i(^\^\>M) 



2 \ 3+2s 



5I>1 



^2 / f2 l\ 



A? 



2(/^ 



A, 



2(s-l) 



(Here, the notation ' indicates the derivative). Since s < — | we have A^"*" < 1 
and the above difference is made < 5 by again taking M sufficiently large. The 
statements ()4.2j) are proved by similar change of variable calculations. The need for 
the restrictions to |^| > M in ()4.4|) is clear from these calculations. In fact, one can 
show that for s < — ^, we have ||?T'A,Ar('5 0) ~ A as A +00 due to the |^| < A 
frequency contribution. 
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Now we establish ()4.5|) . The key observation here is that while A2 — Ai is very 
small (as M +00), — \f is of fixed size vr/ (2T) and thus e^'^^^^~^^^ = i is purely 
imaginary. Now 



||n2(-,T) -ni(-,T)||i2 = ||n2(-, T) + \\u,{;T)\\l, - 2Re / U2{x,T)uiix,T) dx 

J X 

but the last term on the right-hand side is 

-2Ree'^(^2-A?)(i_4^2) j x^f(^x^x)XJ{Xix)dx = 

J X 

which, combined with ()4.2|) gives ()4.5|) . □ 

5. SCHRODINGER PHASE DECOHERENCE FOR S < -| 

Here, we remove the shortcoming of Proposition 14.11 (high frequency truncated 
norms H^{\^\ > M), H^~^(\^\ > M) used instead of H^, H^~^) and prove Theorem 
11.31 The soliton class employed in the proof of Proposition 14.11 involved assigning 

n(x,t) = -\^\f\^{\{x-2tN)) 

and thus n(^,t) = -A(|/p)"(^/A)e"^'*^^. Replace |/p in the definition of n by 
defined by g{S,) = (|/P)"(OX|c|>i(0 (i-e- the restriction to frequencies > 1) and set 

h{x,t) = -\^g{\{x-2tN)) 

Then 

\\h{-,t)\\H- + \\dtn{-,t)\\Hs-i < 1, as A ^ +00 

Unfortunately, (m, h) is no longer a solution to ID ZS. We shall thus adapt the method 
of Christ-Colliander-Tao |CCT03b] to construct a "near soliton" class that grants 



more fiexibility in the selection of the wave initial data. The method procedes by 
solving a "small dispersion approximation" to the equation, and by introducing scal- 
ing and phase translation parameters, building the "near soliton" class. The main new 
obstacle, in comparison to the work of |CCT03b] applied to the nonlinear Schrodinger 



equation, is that ID ZS does not possess scaling nor the Galilean (phase shift) iden- 
tity. We thus need to carry out the small dispersion approximation for a modified 
Zakharov system with the property that when scaling and phase shift operations are 
performed, the modified Zakharov system is converted into the true Zakharov system. 

Consider fixed initial data (r2o,%) (to be defined later). 

Step 1. The solution to the small dispersion approximation 

idtv = no{x)v 

with v{x, 0) = Uo{x) is 

vix,t) = e-'*"o("\o(a;) 
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Step 2. For parameters A^l,0<z/^1,— |<A^<|, consider the initial- value 
problem for the modified Zakharov system 



n. 



{Xm,N) 



idtu + V d u 



1^(1 + 2iV) 

Y 



u{l - 2N) 

1 

A 



A 



{l-2N)u 
A 



dtn+ + d,n+ = + 2N)dM'' 

dtn.-d^n_ = Ul-2N)dM^ 



^ u{x, 0) = ^0(2^)5 'n'±{x, 0) = 
If /c > 1 and (implicit constants here depend on ||uo||i^fc and ||no||Hfc) 

T<|lnH, X>v-'' 
then, on [0,T], we have the two estimates 



To show this, note first that 



1 -4iV2 
A 



n+ = -i(l + 2iV) / 9^.|n|Mx-s,t- 



ds 



n- = Ul-2N) d.^\u\'^ {x + s,t ] ds 



where n+ = z/(l — 2N)/X and /i_ = z/(l + 2N)/X, and thus for k > 1, 

'l-AN^)uT.. „o 



-1 < 



A 



\u\ 



By the energy method applied to ()5.1|) . we have 

l|5'«mili^-l|5Mo)lli. 

f-T 



— Re z 
I + 11 



-'a; 



[no(- ■ ■ )u] d^u dxdt — 2 Re z / / S^, d^u dxdt 



-'x 



(5.1) 



(5.2) 

(5.3) 
(5.4) 



(5.5) 



Term I will be addressed via the Gronwall inequality, while in estimating 11 we will 
produce a small coefficient. 

|I| < lho||//fc / 11^(^)111-* dt 



18 JUSTIN HOLMER 

Term II is decomposed as 



II = — Rez Cap / / d^n±d^ud^udxdt — 2Rei / / d^n± u d^u dxdt 
Jo Jx Jo Jx 



a+l3=k 
a<k-l 



= Ila + Ih 

From (|5.5|) . 



T ^ T ^ 



< ^i^^lNli.« (5.6) 



1 




Jx 



while for II;,, we integrate by parts (here ~ means up to terms bounded similarly to 
lib = 2Re I [ [ d^-^n± [u d^] dxdt 

Jo Jx 

- [ [ dt^n± dt\iudl^ - iudlu) dxdt 

Jo Jx 

dl-^n±dl-^dt\u\^dxdt 

= -A / d^^-^n±{T)dl-^\u\^{T)dxdt+ ^ I I dtd^-^n±dt^\u\^dxdt 
^ Jx ^ Jo Jx 

= Ilfei + 11^2 

From we have 

{1-4N^)T 4 

' MiL^m 

From dSH}, d^"^dtn± = =FyU±i9^n± =F |/i±(l ± '^N)d^\u\'^, so 

IIb2 = ±^ /" [ dtWd^\u\^dxdt 
V Jo Jx 
.^^ . (l-4iV2)2-2 

^ |nb2| < p II^IIl-j/^ 

All together, (using l? conservation as well). 



with 

(l-4A^2)2-/r 1 
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where the last inequahty follows from the assumptions ()5.2|) . By the Gronwall in- 
equality, 



Provided we have 



l«llW<e""''"-'=^(KI|i.+A-^/^| 



A-i/2<e-IKIU^||uo||-i 



u 



(5.7) 
(5.8) 



we obtain, from ()5.7|1 and a continuity in time argument, the bound 

\\u\%uf^ < 2ell"«ll«^^||no||^. (5.9) 

Now, the assumptions ()5.2|1 imply ()5.7j) : and (j5.9j) implies ()5.H|1 by the first of the 
assumptions in ()5.2|) . 

Step 3. With u = n^^'"-^) as defined in Step 2, v as defined in Step 1, and (jK^ 
satisfied, we claim that 

where the implicit constant depends on ||Mo||j|^fc+2 and ||no||j|^fc+2. 

For this, we appeal to the result of Step 2 at the level of /c + 2 derivatives, and then 
apply the energy method to the difference u — v \\y H^: 



- 2Rezz/2 



2Rei 



T 







d^^'^'^udliu-v) dxdt 

( v{\±1N) , , , 

no I X ± 1 ) u — nQ[x)v 



d^{u — v) dxdt 



- 2 Re i / [n±u] {u - v) dxdt 

Jo Jx 
1 + 11 + III 



Direct estimates using ()5.3|) . ()5.4|) give 



|I|<rV||«||J^ +i||a,^(n-^)||i . 



:\mu-v) 



By (Q and (Q, 



|III| < T^n^\\%Mhm + -M{u - v)\\l^^. 



< 



+ ill'9.'(w-t^)|lig?z.? 



20 

By rewriting 



JUSTIN HOLMER 



u(l ±2N) , 

no { X ± 1 ) u — no[x)v 

i/(l±2iV)t 
- A 



dxTLQ^x + s) ds 



u + no{x){u — v) 



term II can be estimated as 



u{l±2N)T^ 

< T moll H>'+^MLs^m\\u - v\\lc^h^ 



X 



T 



\\{u-v){t)\\%dt 



Combining, and applying the Gronwall inequality, we have 



\u — v\ 



The result follows from the assumptions ()5.2|) . 
Step 4. For -\ < N < \, set 

u{x, t) = A(l - 4iV2)i/2e*^^e-**^'M(^''^'^)(Ai/(x - 2tiV), \H) 

n±{x,t) = X^n^^''''''\Xu{x-2tN),XH) 

Then {u,n) solves ID ZS, with 



n{x, t) = n_|_(x, t) + t) + |A no{Xi'{x + t)) + 2 A no(Ai^(x — t)) 

and initial data u{x, 0) = Amo(Ai/x), n{x, 0) = A2no(Az/a;), di,n{x, 0) = 0. 

Consider < z/ <^ 1 and A ^ 1. Since \\u^'^''^'^\x,t)\\L2 = ||mo||l2 for all t, we have 
by change of variable 

Ai/2(i_4]v2)i/2 



\u{x,t)\\Ll 



V 



1/2 



LI 



Also, if no(0 = for |^| < 1 and Xv > 1, then another change of variable gives 

\\n{x,0)\\Hs<Xl+'u'-^\\no\\Hs 



If s < — I and A and u satisfy 



A > z/" 



with a = max 



3 ' 



(5.10) 



then ||n(x, 0)||h- < ||no||//''- 

Step 5. Fix M ^ 1 and < z/ ^ 1, to be chosen momentarily. In terms of M 
and define the following quantities: Let T = | Inz/j/M^, and set 



Ai = M, A2 



— + M2 
2T 
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We note that 



is purely imaginary. Note further that 
A2 _ I vT 



2\\xiv\ 

Take sufficiently close to | so that 

(1 -2iV)M 



1 — s> 1, as 1/ — > 0, independently of M 



1 



(5.11) 



(5.12) 



(5.13) 



Take uq{x) G iS(M) such that uq{x) = 1 for — 1 < x < 1, and no(a;) to be the smooth 
function given on the Fourier side as 

if 1^1 < 2 



MO 



TX 



if 2 < 1^1 < 4 



so that in fact 



if 1^1 > 4 
cos 3x sin x 

X 



Now consider the solutions and u^^^''^'^^ of the modified Zakharov system 

given at the beginning of Step 2, both in terms of the data uq{x) and no{x). Define, 
as in Step 4, the ID ZS solution (ui,ni) in terms of u^^'^''^'^^ and {u2,n2) in terms of 



u 



By the comments at the end of Step 4, 

lkj(2;,^)IU2 = 1 

\\nA^M\Hi + \\dtn,{xM\m-^ <^ 

where, in order to meet condition (j5.10|) . we need M = M{v) > By a change of 
variable and ()5.13|) . 



\u2{x,t) - Ui{x,t)\\L2 





f X2X 











Xlt] -M("i''^'^)(x,A?t) 



By (I5.12P and the fact that \\u^'*'''^'^\x,t)\\L2 = ||mo||l2 for all t and uniformly in all 
the parameters, we can take u = u{6) > sufficiently small so that 

\\u2{x,t)-m{x,t)U2 = ||«(^^''^'^)(x,A2t) -«(^-'^'^)(x,A?t)|U| + 0(5) 

By the results of Step 1 and 3, again taking u = 1/(6) sufficiently small, if < t < 
I lni/|/M2, then 

\\u2{x,t)-m{x,t)\\Li = ||(e^(^i-^?)*-oW _ i)u,{x)U2+0{6) (5.14) 
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Here, the first condition of ()5.2j) is met, since tlie T appearing tliere is our A^t 
X^t < I Inf |. We see trivally from ()5.14|1 tliat 

\\u2{x,0)-u,{x,0)\\li<6 

But by ()5.1H) and ()5.14|) and the choice of Uo{x) and no{x), 



We further note that 



\u2ix,T) - ui{x,T)\\lo.^^^l2 = C(l) 



T = -J- < I lni/|z/^ — > as 1/ — s> 



M2 

and therefore we can accomodate an arbitrarily small preselected time, T as in the 
statement of the theorem. 

6. The Schrodinger flow map is not for s < -| 

In this section, we give the proof of Theorem II .41 For fixed H°° data [uq, uq, rii), to 
be specified later, and a parameter 7 G M, consider initial data (mI^^q' ^^14=0' ^*'^li=o) ~ 
(7M0, 7^0, 771-1) and corresponding ID ZS solutions {u,n) = {u^,n^). Clearly 

u\ n = 0, dxu\ n = 0, dlu\ „ = 0, n\ „ = 0, dxTil ^ = (6.1) 
17=0 ' 17=0 ' ^ 17=0 ' 17=0 ' 17=0 ^ ' 

The solution, written in integral equation form, is: 

u{t) = U{t){-fUo) -I ! U{t- t')[{un){t')] dt' 



n(t) = Vr(t)(7no, 7^1) ± I / dx\u\^{x ± s^t — s) ds 

Jo 

from which it follows that 

d^u{t) = U{t)uo -if U{t- t') [{d^u n + u d^n) {t')] dt' 



(6.2) 



(9^n(t) = iy(t)(no, rii) ± i / dx{d^uu + ud.~fU){x ± s,t — s) ds 

Jo 

By (EH), 

^7^17=0 = ^^0' 9yn\^^^ = W{no,ni) (6.3) 
By applying to ()6.2|) and again appealing to ()6.1|) . we get 

dxdju\^^^ = dxUuo, d-.^dxn\^^^ = dxW{no,ni) (6.4) 
By applying d.y to ()6.2j) . we obtain 



d^u{t) = -i U{t - t') [(a^u n + 2d^u d^n + u 9^n) (t')] ti^' 

a^n(t)=± / dx{d'^^uu + 2\d^u\'^ + udi^){x±s,t- s)ds 
Jo 
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from which we find, together with ()6.3|)()6.4|) . that 

d^^u\ Jt) = -2t [ U{t-t')[Uuoit') W{no,ni){t')]dt' 
Jo 

<9'n| (t) = ± [ d,\Uit')uo\\xTs,t-s)ds 
Jo 

Let X = H'' X H' X H'~\ Y = x H'. Fix t > 0, and let F : X y be 
the solution map F{uo,no,ni) = {u{t),n(t)). Let G : M ^ X be given by G'(7) = 
(7Uo,7no,7ni). Let if (7) = F o G{-f) so that H : R ^ Y. Then (here C{A; B) 
denotes a linear map A ^ B) 

DH{^) = DF{G{j)) o DGij) 

£(R;y) C{X]Y) £(R;X) 

Also 

D'^H{-i) = D^F{G{-i)) o(DG(7), ^^(7)) + DF{G{-i)) o D^G{-i) 

B{Xy.X;Y) £(R;X) £(R;X) C{X;Y) B(RxE;X) 

and since D'^G{^) = 

D'^H{-f){ai, 02) = -D^F(G'(7))((aiUo, ai^o, «ini), (^2^0, ^2^0, a2?^i)) 

Hence 

L>2F(0)(K, no, rii), (uq, no, ni)) = D^H{0){1, 1) = (^^nj^^^lt), d'^n\^^^{t)) 

We now note how to prescribe an appropriate sequence {un^, riNfl, njy 1) (indexed by 
N) to show that D^F{0) G B{X x X; Y) is not a bounded (continuous) bilinear map 
in the two cases (1) s < — | and (2) s > 2k — ^. 

• If s < -i, 

and nAr,i = 0, then {un,o, nN,o, nN,i) is a sequence such that || {un,o, n^^o, n7v,i)||x 



1 but 



"7 17=0^ 

We note that the second term in the definition of nAf,o(0 included solely to 

make no(x) real. 

If s > 2A; — I and we set 

UNfiiO = N'2~\x[-N-j^,-N]i0 + X[N+l,N+l+±]iO) 

and nAT^o = 0, nN,i = 0, then {un,o, ^Nfi, n^^i) is a sequence such that || {uN,o,nN,o,nN,i) \\x ~ 
1 but 

^'"17=0 
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The second was considered in ^ as part of the proof of Theorem 11.21 and thus 
reproduces a weaker version of that result. We now carry out a proof of the first case 
to estabhsh Theorem 11.41 Since 

[a> (t)nO= te-'^'-''^^"[Uu^,o{t')W{n^,o,0){mOdt' (6.5) 

7=0 Jo 

we need to examine 

[uuN,o{t')w{nN,o,omwo = f e"**'^'^;v,o(ei)cos(t'(e-ei))Vo(e-ei)c?ei 



e 



cos(t'(2iV-l)) + 0(t')) / ^7v,o(6)^w,o(e-ei)c^ei 



by the support properties of U7v,o and rijy.o- Directly evaluating the convolution gives 

where g{^) = gi{0 ~^ 92(0 consists of two triangular step functions, each of height 
1/A^ and width 2/N, centered at — 1 and — 3A^ + 1, respectively. Specifically, 



9i{0 



i-ie-(iv-i)i ifie-(iv-i)i<^ 

otherwise 



^-|e-(-3iV + l)| if|e-(-3iV + l)|<i 
otherwise 
We have by the support properties of gi{^) and g2{0^ ^^'^ ()6.5p 



[5> mo 

7=0 







Jo 

+ N'~'^'g{0O{t') 
Evaluating each component separately gives 

[9> {t)m = N'~'~^g,{Oe-''^^~'^"t + N'-'-^g{Om') + 0{N-')) 

7=0 

Thus, provided t is chosen small and sufficiently large, the first term is pointwise 
dominant, giving 



\d',u\^^^{t)\\H.>tN--^- 



completing the proof. 
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